Non Linear Behaviour of an Inflatable Beam and Limit States  by Thomas, Jean-Christophe & Bloch, Alexis
 Procedia Engineering  155 ( 2016 )  398 – 406 
1877-7058 © 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the TensiNet Association and the Cost Action TU1303, Vrije Universiteit Brussel
doi: 10.1016/j.proeng.2016.08.043 
ScienceDirect
Available online at www.sciencedirect.com
International Symposium on "Novel Structural Skins: Improving sustainability and efficiency 
through new structural textile materials and designs" 
Non linear behaviour of an inflatable beam and limit states 
Jean-Christophe Thomas*, Alexis Bloch 
UBL Université, Université de Nantes-Ecole Centrale Nantes, GeM (Institure for Research in Civil and Mechanical Engineering), CNRS UMR 
6183, 2 rue de la Houssinière, BP 92208, 44322 Nantes Cedex 3, France  
Abstract 
In this work, we consider inflatable beams and define their limit states, in terms of displacements, wrinkling, and 
collapse of the beam.  The definition and properties of the collapse load are highlighted. Concerning the 
displacements, the strength of material dedicated to inflatable tubes has been studied by different authors, and is 
considered as well-known now in the linear part of the behavior (before  the wrinkle appears). The need concerns 
now the behavior of the beam in the non-linear part of its behavior. An analytical formulation that allows to get the 
displacement in this non-linear part, i.e. between the winkling load and the collapse load has recently been written. 
This approach is here extended to the use of a beam finite element with which the displacements can be obtained 
from light loads to the collapse load of more complex structures. The case of an inflatable arch is presented as an 
example. 
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1. Introduction 
1.1. Inflatables in construction 
Textile structures are increasingly present in architecture. The basic principle of using fabrics in buildings is to 
previously ensure a pretension in the membrane. This pretension is carried out by using the action of air.  
In the field of architecture, the various parts of the fabrics are joined together. Fabrics and joints can withstand 
relatively high tensions and it is possible to impose strong pressure in the inflatable elements. This leads to an 
increase of the stiffness. 
Using inflatable beams directly to support loads is possible. They can be used as masts to support features such as 
lighting or cameras. It is also possible to join  pressurized tubes and get frames that can be covered (see Fig. 1).  
a          b 
Fig. 1. Example of inflatable structures. 
 Assemblies of beams may also be used. The buildings of type of Figure 1. (b) may be considered as inflatable 
curved beams juxtapositions. 
 Although this is the simplest structural element, the mechanics of the inflatable beam allows to design more 
complex structures, if it is well known.  The main features of its behavior may be generalized to all the air-inflated 
structures.  
1.2. Normalization 
The growing interest that the tensile textile structures cause makes it necessary to coordinate design rules in 
Europe. That is why the European community decided in 2010 to set up a working group in order to write a 
Eurocode dedicated to textile membrane structures. 
In order to follow the Eurocode approach, it is necessary to clearly define the limit states and express them 
mathematically to perform a reliability analysis, since the calibration of partial safety factors can be done by using a 
semi-probabilistic  method.  
This work  is focused on the behavior of an inflatable beam in general, in order to identify its limit states, and to  
present theoretical and numerical tools that can be used to design beam-type inflatable structures.  
2. Behavior of an inflatable beam and definition of its limit state 
2.1. Behavior of an inflatable beam 
Let us consider a simply applied inflatable beam. The first step of use is the  pressurization of the beam, which 
inducts to the structure its original geometry as well as its rigidity properties.  The constituent material is supposed 
to be an orthotropic membrane that can represent a woven fabric coated. If one of the orthotropic directions of the 
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membrane is parallel to the longitudinal axis of the beam, then the radius and the length of the beam increase with 
the pressure [1]. 
 On figure 2.a, the red beam corresponds to the structure with a very low pressure. The grey mesh corresponds to 
the structure at the end of the pressurization. When the bending load increases, the deflection increases (see Fig 2.b). 
For this second step, the relationship between the deflection and the load is quasi-linear. This second phase of linear 
behaviour ends as soon as the wrinkle appears at the upper surface of the beam in this case. This wrinkle does not 
correspond to the collapse of the beam. When the load is increased beyond the wrinkling load, the wrinkle 
propagates around the section (Fig 2.c), and leads to the collapse when it reaches the middle of the beam section 
(Fig 2.d). This property had been established experimentally [2]. It has also been the topic of a recent study and has 
been numerically confirmed[3]. All the 3D numerical computations of this study are done with a home-made code 
dedicated to membrane structures, based on the total Lagrangian formulation. The non linear equations are solved by 
an iterative Newton scheme. The material can be isotropic or orthotropic.  
a               b 
c          d 
   
Fig. 2. Inflatable beam; (a) only pressurized, (b) pressurized and bent  
 (c) pressurized, bent, with a wrinkle, (d) pressurized, bent, at the limit of collapse 
2.2. Limit states 
In the various cases of potential use, the movement of the inflatable structure must often be limited. Then, a first 
Serviceability limit state based on the displacement is considered 
It is clear that when the wrinkle appears, there remains a reserve of stiffness that allows the structure to withstand 
before a possible collapse of the structure. The case of the apparition of the wrinkle is special case. Some consider 
that the appearance of the wrinkle is unaesthetic or can be psychologically disturbing. Thus, the wrinkle apparition 
will be considered as a second Serviceability Limit State in the following. From a terminology standpoint, use will 
be made of the word wrinkling load when a wrinkle appears, and wrinkling moment will be the corresponding 
bending moment. 
Finally, the last limit state proposed is the one for which the structure no longer resists: it is the state leading  to a 
structural failure, defining the Ultimate Limit State. It is interesting to note a very specific property of inflatables: if 
the structures are unloaded, they return to their original state. The collapse terminology implies an irreversible 
behaviour. Since the behaviour is reversible, the term pneumatic collapse is going to be used for inflatable structures 
in this work. This allows to define the pneumatic collapse load, and the pneumatic collapse bending moment. 
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3. Pneumatic collapse load 
3.1. Stresses distribution 
The distribution of longitudinal stresses is proposed on Figure 3 a. The black distributions correspond to the 
bending stress due to the external load. The first blue distribution corresponds to the result of the pretension. The 
four following blue distributions are obtained by superposing  pretension stresses and bending stresses. Case 3 is the 
case for which the stress vanishes at the upper surface of the beam. Case 4 corresponds to a load between the 
wrinkling load and the pneumatic collapse load. There are two important assumptions for this last case: the 
longitudinal stresses are zero at the upper part of the section, and the distribution of stresses has the same linear 
shape than cases 2 and 3. This is also shown on Figure 3 b. The angle φ0 is used to measure the propagation of the 
wrinkle in the section.  The collapse is reached when φ0 equals π/2. Finally, the distribution 5 corresponds to the 
distribution at the limit of the pneumatic collapse. Only half of the section remains in tension, and the stress 
distribution is supposed to remain linear. 
Fig. 3.  (a) several cases of stresses distribution , (b) wrinkle opening angle 
Figure 4 corresponds to the principal stresses obtained using a 3D finite element code, using membrane finite 
elements. The green zone matches the area of zero stress. The results corresponds to two loads: 90% of the collapse 
load Fc, and F= Fc. Two observations may be done: the zero stress area has reached the middle of the section when 
the collapse load is achieved and the area of zero stress is not limited to the section where the wrinkle appears, but 
extends along the beam over a length į which can takes an important part of the length. 
Fig. 4.  Stress distribution and length of the non-tensioned area 
3.2. Pneumatic collapse moment 
The calculation of the wrinkling moment is simple. It is led when the longitudinal stress counteracts the 
pretension effects. This wrinkling moment is calculated: 
ıH (N/m) 
į            
               F=90%FC į
         F=FC
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where p is the inflation pressure, R is the radius of the prestressed state, I is  the second moment of area, and H is the 
thickness of the membrane.  
Assuming the linearity of the stress distribution, and taking into account that the resultant of the stresses balances 
the effects of the pretension and that stresses are zero over half of the section, the pneumatic collapse moment is 
obtained [2]: 
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The relation between Mc and Mw is deduced from equation (2).  Substituting φ0 by π/2  yields to:  
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In the case of a bi-applied beam of length L, the wrinkling load and the collapse load are 
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4. Displacement model 
4.1. Fictitious section 
Using the assumed linear distribution of stresses in the non-wrinkled area of the section, the longitudinal stress in 
the wrinkled section obeys the following expression:  
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A fictitious second moment of area I~ of the section is then introduced, using the analogy:  
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It is then possible to obtain a fictitious second moment of area: 
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It is assumed that the fictitious section is circular. The fictitious radius and the fictitious area for the fictitious 
circular cross-section can be calculated. This model can be used analytically. For this, the fictitious cross-section is 
used in the portion affected by wrinkles and the normal circular cross-sections are kept for the other sections. In both 
cases, the assumption is that use can be made of the strength of materials formulas dedicated to inflatable beams 
[4,5], for which the pressure's influence on the stiffnesses has been written. Note that this fictitious moment is zero 
when the angle φ0 equals π/2. This is coherent: there is no stiffness left. A calculation by finite element beam type is 
also conceivable.  
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4.2. Inflatable finite element analysis 
In order to calculate the deflection of the beam when the first wrinkle has appeared, the model consists in using 
the stiffness matrix of the inflatable beam finite element by introducing the geometrical data of the fictitious cross-
section instead of the initial data. For the unwrinkled part of the beam, the calculation is conducted in a conventional 
manner.  In the winkled area,  the expression of the stiffness matrix is: 
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where EƐ is the Young Modulus in the longitudinal direction, GƐt is the shear modulus, and P=pπR2. 
To calculate the deflection of the beam, the calculation is conducted in two steps (see Fig. 5). The first step consists 
in a conventional calculation to evaluate the bending moment at any point. For this, we use the flexural behavior law 
and the interpolation functions that have been used to built the inflatable beam stiffness matrix[6]. 
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The interpolation used  to determine the bending moment and then update R~,I,S~,Pφ  is:
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Fig. 5. Calculation principle for a wrinkled beam 
The second step is to carry out the calculations with the finite element matrix (7) using the initial geometrical 
data for the part without wrinkle, and using the updated geometrical quantities for the portion where a wrinkle has 
appeared.  
Figure 6 presents the results of the two finite elements computations for a bi-applied beam. The results of the 
beam finite element computation are in green. They are here compared to the results of the 3D membrane finite 
elements (in red) , with 7281 nodes in this case, and to experiments that have been realized in our laboratory.  
The geometrical and material characteristics of the beam are given in Table 1. There exists a little difference 
between the data according to the model used for the computation. This comes from the fact that the 3D code starts 
from the non-pressurized beam, while the beam model calculate on the pressurized configuration.  
Mesh 
Boundary 
conditions 
Loading 
Beam F.E. 
Calculation 
N°1 
Calculation 
of the 
bending 
moment 
Updating  
R~,I,S~,Pφ
Beam F.E. 
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Results: 
displacments 
eventually 
limit loads 
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Fig. 6. Results for a simply applied inflatable beam. 
Table 1. Geometrical and material properties of the beam.  
Model Radius(m) Length(m) Pressure(Bar) EƐH(N/m) GƐtH(N/m) 
3D F.E. 0.102 4 0.25 2.1 105 5.2 103
Beam F.E. 0.103 4 0.25 2.1 105 5.2 103
It can be seen that the results are satisfactory. The failure load is properly assessed, and the results of the 
numerical simulations are quite close to the experimental results. These results are particularly interesting insofar as 
there is no other type of inflatable beam F.E. model to reproduce the nonlinear behavior of the inflatable beam. One 
primary interest is the computation time which is reduced a lot compared to a 3D finite element model. This is 
important in the context of a semi-probabilistic analysis for example, which may require many structural 
calculations. 
4.3. Study on an inflatable arch 
It is now proposed to work on an arch-type inflatable structure, which may represent a section of semi-cylindrical 
inflatable building (Fig. 1 b). This kind of geometry is  very simple in terms of geometry, as shown on Figure 7 a. 
The material properties from Table 1 are kept.  
a       b 
Fig. 7. Models for the inflatable arch. 
This arch is loaded in its middle by a concentrated force F. Only one half of the beam is meshed, as represented 
on Figure 7.b. The inflatable beam stiffness matrix has been integrated into a global matrix, incorporating tensile 
compression in addition to bending. 
Before starting the calculation, a question arises: what is the distribution of the pre-tension in the section? Indeed, 
this issue is important because the calculation of the theoretical pneumatic collapse load on an inflatable beam is 
done using a uniform distribution of pretension. Figure 8 presents the results of the principal stresses for the arch, 
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which have been obtained by the use of the 3D code. If the values of the longitudinal stresses are studied accurately, 
the non-uniformity of the prestress is obvious in this case. 
  
Fig. 8. Results of pretension for the inflatable arch. 
The displacements of the arch and the collapse load have been calculated with the 3D code. As in the case of the 
inflatable beam, a linear part first and a nonlinear part then are observed. This is visible on Figure 9 a, where the 
M7025 curve represents the result of the 3D code with 7025 nodes.  On Figure 9 b, the  longitudinal stresses 
distributions are represented for the wrinkling load and for the pneumatic collapse load. The results obtained for the 
straight beams are still valid for the arch which collapses when the half of the section is wrinkled. 
 a     b 
Fig. 9. Inflatable arch (a) displacements, (b) stresses. 
EF case 1, 2 and 3 on Figure 9 a. show the results of the 2D F.E. computations, and correspond respectively to 
the following three values for the pretension: minimum, average and maximum values of the pretension in the 
section (1000 N/m, 1250 N/m, 1500 N/m). The three curves have the same shape. The linear and nonlinear parts are 
well represented. The curve obtained with the maximum value of pretension is the closest to the curve obtained with 
the 3D code. This can be explained with the details of the distribution of pretension (see Fig. 9 b). It is in the upper 
part that it is necessary to counteract the stresses to bring up the wrinkle, and then to spread it around the section. 
And it is in this upper part that the maximum value of the pretension is located. 
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Fig. 10. Results of the inflated beam finite element tool  
Finally, Figure 10 shows a practical use of the finite element introduced in this work, for a case of more complex 
structure than a simple beam. It is the arch submitted to a load at its top (see Figure 7). The left and right figures 
correspond respectively to the state at the wrinkling load and at the pneumatic collapse load. The points where the 
bending moment appears in green are those of the unwrinkled area. The points in the wrinkled area are drawn in 
orange, and the points where the pneumatics collapse is reached are drawn in red. This gives a practical and rapid 
tool that can be used to identify the wrinkling load and the pneumatic collapse load, to calculate the displacements 
and the extent of the wrinkling  zone. 
4. Conclusion 
This work is devoted to the study of inflatable structures, focusing on non-linear portion of load-displacement 
curve. The possible limit states of a beam have been given as criteria fairly easy to explain from a mathematical 
point of view. Work on the failure load has given an expression of pneumatic collapse bending moment. It has also 
confirmed earlier experimental results: when the pneumatic collapse load is reached, the wrinkle reaches the middle 
of the section. The deflection of the beam may be calculated for every loads and this has been extended to more 
complex structures like arches. The possibility of the calculation with a beam finite element may be very practical in 
the context of semi-probabilistic approach like the FORM method recommended for the Eurocodes. 
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